Abstract. We give answers of two problems about graph coloring test graphs suggested by Kozlov. We prove that a graph whose chromatic number is 2 is a homotopy test graph. We prove there is a graph T with two involutions γ 1 and γ 2 where (T, γ 1 ) is a Stiefel-Whitney test graph, but (T, γ 2 ) is not.
Introduction
Using topological methods to graph coloring problem is started from Lovász' proof of Kneser conjecture [7] . Lovász defined the neighborhood complexes and showed that the connectivity of the neighborhood complex gives a lower bound of the chromatic number. Babson and Kozlov investigated the Hom complexes in [1] , and showed that their topologies are related to chromatic numbers. A test graph is a graph T such that some inequality between the topological invariants of Hom(T, G) and χ(G) holds for every graph G. Precise definitions we need are prepared in Section 2.
Kozlov suggested the following problems in [4] about test graphs. In this paper, we give the answers of these problems. The following is the answer of Problem 1.
Theorem 1.
A graph whose chromatic number is 2 is a homotopy test graph. graph T
1 The precise statement of the conjecture of [4] is "Every connected bipartite graph is a homotopy test graph." In some references, a graph G is said to be bipartite if χ(G) ≤ 2. But in [4] , Kozlov seems to consider that a bipartite graph is a graph whose chromatic number is 2. Indeed, it is obvious that, if χ(T ) = 1 or 0, then T is not a homotopy test graph.
The involution γ 1 is the reflection with respect to the horizontal line, and the involution γ 2 is the reflection with respect to the vertical line. We prove the following, which is the answer of Problem 2.
Theorem 2. Let T, γ 1 , γ 2 be the above. Then (T, γ 1 ) is a Stiefel-Whitney test graph but (T, γ 2 ) is not.
The rest of this paper organized as follows. In Section 2, we collect definitions, terminologies, and facts we need in this paper. In Section 3, we give the proof of Theorem 1, and in Section 4, we give the proof of Theorem 2 and some remarks.
Definitions and Facts
In this section, we recall the definitions of Hom complexes, Stiefel-Whitney test graphs, and homotopy test graphs. For more concrete discussions, we refer [3] and [4] to the reader.
In this paper, we assume that all graphs are nondirected, may have loops, whereas do not have multiple edges. Let n be a nonnegative integer. We write K n for the complete graph with n-vertices. Namely,
For a graph G, the chromatic number of G is the number inf{n | There is a graph map G → K n .}, and is denoted by χ(G).
A multihomomorphism from a graph G to a graph H is a map η :
We write Hom(G, H) for the poset of all multihomomorphisms from G to H, called the Hom complex from G to H.
An involution of a graph T is a graph map γ : T → T with γ 2 = id T . An involution γ of T is said to be flipping if there is a vertex v ∈ V (T ) with (v, γ(v)) ∈ E(T ). A pair (T, γ), where T is a graph and γ is an involution of T , is called a Z 2 -graph, and if γ is flipping, then (T, γ) is said to be flipping Z 2 -graph. A free Z 2 -complex is a CW complex X with an involution τ such that τ e ∩ e = ∅ for any cell e of X. For a free Z 2 -complex X, we write ht Z2 (X) for the number sup{n ≥ 0 | w 1 (X) n = 0} where w 1 (X) is the 1st Stiefel-Whitney class of the double cover X → X/Z 2 . We regard that ht Z2 (X) = −∞ if X is empty. For the precise definition and basic properties of the 1st Stiefel-Whitney class of double covers are found in [5] for example. It is easy to see that if (T, γ) is a flipping Z 2 -graph, then Hom(T, G) is a free Z 2 -complex with the involution η → η • γ for η ∈ Hom(T, G) and for a loopless graph G. A flipping Z 2 -graph (T, γ) is called a Stiefel-Whitney test graph, which is abbreviated to an SWT-graph in this paper, if for any loopless graph G, the inequality χ(G) ≥ ht Z2 (Hom(T, G)) + χ(T ) holds, where χ(G) is the chromatic number of G.
For an integer n ≥ −1, a topological space X is said to be n-connected if for any integer k ≤ n and for any continuous map f : S k → X can be extended to a map g : D k+1 → X. For a topological space X, we write conn(X) for the number sup{n ≥ −1 | X is n-connected.}. We assumed that conn(X) = −∞ if X is empty. A graph T is called a homotopy test graph, abbreviated to an HT-graph in this paper, if for any graph G, the inequality χ(G) ≥ conn(Hom(T, G)) + χ(T ) holds. It is known that, if a flipping Z 2 -graph (T, γ) is an SWT-graph, then T is an HT-graph. K n is a SWT-graph for n ≥ 2 with the involution exchainging 1 and 2 and fixing the other vertices, see [1] . Babson and Kozlov proved in [2] that odd cycles C 2r+1 are HT-graphs. Moreover, it is known that odd cycles are SWT-graphs with reflection. This fact is proved by Schultz in [8] , and reproved in [6] and [9] .
Proof of Theorem 1
First we remark that a topological space Y which is a retract of an n-connected space X is n-connected. Indeed, for any integer k ≤ n and for any continuous map f :
to a map g : S k → X, where i : Y ֒→ X is the inclusion, since X is n-connected. Then r • g : S k → Y is the extension of f , where r : X → Y is the retraction.
Lemma 3. Let T 1 and T 2 be graphs and suppose T 1 is a retract of T 2 . If T 1 is an HT-graph, so is T 2 .
Proof. Remark that χ(T 1 ) = χ(T 2 ) in this case, since there are graph maps T 1 → T 2 and T 2 → T 1 . Let G be a graph and n an integer with n ≥ −1. Suppose Hom(T 2 , G) is n-connected. Since Hom(T 1 , G) is a retract of Hom(T 2 , G), we have that Hom(T 1 , G) is n-connected. Since T 1 is an HT -graph, we have the
. Hence we have T 2 is an HT-graph.
Proof of Theorem 1. Let T be a graph with χ(T ) = 2. Since K 2 is an HT-graph and T retracts to K 2 , we have that T is a homotopy test graph.
Proof of Theorem 2
Lemma 4. Let (T 1 , τ 1 ) and (T 2 , τ 2 ) be flipping Z 2 -graphs with χ(
Proof. Let G be a loopless graph. Since there is Z 2 -map Hom(T 2 , G) → Hom(T 1 , G), we have that ht Z2 (Hom(T 2 , G)) ≤ ht Z2 (Hom(T 1 , G) ). Then we have the inequality
since (T 1 , τ 1 ) is an SWT-graph and χ(T 1 ) = χ(T 2 ). This implies that (T 2 , τ 2 ) is an SWT-graph.
Corollary 5. Let T and γ 1 be those of the statement of Theorem 1. Then (T, γ 1 ) is an SWT graph.
Proof. There is a Z 2 -graph map C 5 → (T, γ 1 ), where the inovolution of C 5 is a refletion. Since χ(C 5 ) = 3 = χ(T ) and C 5 is an SWT-graph, we have that (T, γ 1 ) is an SWT-graph by Lemma 4.
To prove Theorem 2, we only prove the following.
is not an SWT-graph.
Proof. To prove this, we only prove that the 1st Stiefel-Whitney class of Hom(T, K 3 ) with the involution induced by γ 2 is not equal to 0. Indeed, if w 1 (Hom(T, G)) is not equal to 0, then we have χ(K 3 ) = 3 < ht Z2 (Hom(T, K 3 )) + χ(T ) and (T, γ 2 ) is not an SWT-graph. Define a graph map f : T → K 3 by Figure 2 . To prove w 1 (Hom(T, K 3 )) = 0, we only prove that f and f • γ 2 is in the same component of Hom(T, K 3 ). First we remark the following.
( * ) Let ϕ and ψ be graph maps from a loopless graph G to a graph H. If there is v ∈ V (G) such that ϕ(x) = ϕ(x) for any x ∈ V (G) \ {v}. Then ϕ and ψ are contained in the same connected component of Hom(G, H).
Indeed, under the assumption of ( * ), the map η : V (G) → 2 V (H) \ {∅}, x → {ϕ(x), ψ(x)} forms a multihomomorphism with ϕ ≤ η and ϕ ≤ η. See Figure 3 (the previous page). See the forth and the back of each arrow in Figure 3 are satisfies the condition ( * ) above. So Figure 3 implies that f and f • γ 2 are in the same component in Hom(T, K 3 ).
These complete the proof of Theorem 2. Finally we remark the following. Recall that, if the flipping Z 2 -graph (T, γ) is an SWT-graph, then T is an HT-graph. Theorem 2 implies that the inverse does not hold.
Corollary 7.
There is a flipping Z 2 -graph (T, γ) such that T is an HT-graph but (T, γ) is not an SWTgraph.
Proof. Let T, γ 1 , γ 2 be those of Theorem 4. Then since (T, γ 1 ) is an SWT-graph, T is an HT-graph. But (T, γ 2 ) is not an SWT-graph.
